Gluing Riemannian manifolds 
with curvature operators at least f<i 

Arthur Schlichting* 
October 10, 2012 

Abstract 

Let {Mo, go) and (Mi, pi) be smooth Riemannian manifolds with smooth compact boundaries and 
Riemannian curvature operators > k (which means that all eigenvalues of the curvature operators 
are at least k), and let M be the Riemannian manifold resulting from gluing Mo and Mi along some 
isometry of their boundaries. The metrics go and gi induce a continuous metric g on M. If the 
sum of the second fundamental forms of the common boundary of Mo and Mi with respect to the 
inward normals is positive semidefinite, then g can be approximated by smooth metrics which have 
curvature operators almost > k. An analogous result holds for manifolds with with lower bounds 
on Ricci curvature, scalar curvature (in this case it suffices to assume that the sum of the mean 
curvatures of the boundary is nonnegative), bi-curvature, isotropic curvature, and flag curvature, 
respectively. 



1 Introduction and statement of results 

Gluing Alexandrov spaces of bounded curvature has been studied in a number of works, in particular 
by Reshetnyak [5] (curvature bounded from above) and Petrunin 4^ (curvature bounded from below). 
The case where the spaces being glued are smooth Riemannian manifolds of sectional curvature at least 
K was studied by Kosovskii [2 , where he shows that the resulting Alexandrov space has curvature at 
least K if and only if the sum of the second fundamental forms of the initial manifolds on their common 
boundary is positive semidefinite. In this paper we shall examine a similar setup for smooth Riemannian 
manifolds with smooth compact boundaries and curvature operators > k. The method being used in [2] 
can be applied with some modifications. 

Let {M,g) be a smooth Riemannian manifold with a smooth metric g, and let A^(TM) C TM (g) TM 
be the bundle of two- vectors over M. Given a point p G M and a basis {ei, . . . , e„} of TpM, h?{TpM) 
is generated by 

{ei A Cj = Ci ® Cj — Cj ® ei\l < i < i < n\ 
The metric g induces an inner product on A^(TM), defined by 

I'^{ei A ej ,efc A e;) := gikgji - gjk9ii (1-1) 

where go- — g{ei, e^). Note that if the vectors are orthonormal with respect to g then the two-vectors 
CiAcj are orthonormal with respect toX^ . Let = i^tjkd ^® Riemannian curvature tensor oi g and 
R^jki = R^iei,ej,ek,ei) (We choose the sign of R^j^i such that the sectional curvature of a two-plane 
spanned by some orthonormal Ci^Cj is given by Rf^^^) R^ induces a symmetric bilinear form TZ^ on 
K^{TM) via 

7^s(e,AeJ,efcAe^) =i?f,fc. 

The Riemannian curvature operator on A^(rAf), which we shall also denote by TZ^ , is defined by the 
property 

zf(•,7^s•) = 7^9(•,•) 
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By TZ^ > K G M (or TZ^ > kX^) we mean that all eigenvalues of TZ^ are at least k, or equivalenly that 

holds for all a G A^{TM). 

Let us glue two Riemannian manifolds {Mq, go) and {Mi, gi) along some isometry (j) of their boundaries 
(which means we identify p G dMo and (/)(p) G dMi), and define a metric g on the resulting manifold M 
by sU/i = gi, i = 0, 1. Due to the isometry of the boundaries, g is continuous, but fails to be C^-smooth 
in general. In this case we can not speak of the Riemannian curvature operator of g in the classical 
sense. In [2] Kosovskii made use of the fact that nevertheless M can be equipped with a length structure 
induced by g and instead of bounded sectional curvature in the classical sense one has the notion of 
bounded curvature in the sense of Alexandrov (see, e.g., [T]). However, there is no analogue of this 
notion for bounds on the Riemannian curvature operator. We introduce the following definition: 

Definition 1.1. Let M be a Riemannian manifold, equipped with a continuous metric g. We say that 
the Riemannian curvature operator of g is at least k iff there exists a family of C°° -metrics {g(s)) on M 
which converge to g uniformly on every compact subset as S tends to zero and 

Tli9i5))>{^-£{S))l{g^S)) 

holds with e{S) — )■ 0. 

In view of the above definitions the main result of this paper is the following 

Tiieorem 1.2. Let Mq and Mi be smooth Riemannian manifolds with (at least C^-)smooth metrics go 
and gi and smooth compact boundaries To andTi, respectively. Let Li be the second fundamental form of 
Ti with respect to the inward normal Ni, i = 0,1. Suppose that there exists an isometry </) ; Fq — )• Fi, and 
let M — Mo U0 Ml denote the manifold obtained from gluing Mo and Mi along <j). Then F := Fq =0 Fi 
can he seen as a hypersurface of M and we may define L = Lo + Li on F. 

Let g be the continuous metric on M induced by go and gi. Suppose that TZ{go) and TZ{gi) are at 
least K. Lf L is positive semidefinite, then TZ{g) > n in the sense of Definition | j . j} 

Analogous results hold for manifolds with lower bounds on Ricci curvature, scalar curvature (in this 
case it suffices to require only that tigL > on F), bi-curvature (the sum of the two smallest eigenvalues 
of the curvature operator), isotropic curvature and flag curvature, respectively. 



Plan of the proof of Theorem 1.2 



We proceed similarly to [2]: 

• In Section 2 we sum up auxiliary constructions. We introduce a smooth structure on M relative 
to which Mo, Ml and their common boundary F are smooth submanifolds. The metric g on M 
induced by go and gi is continuous. 

By modifying the metric go near F we construct a new metric gs on Mq. We then define a metric 
g(S) on M by g{s)\Aio — 95 ^^d 3(5) |mi = .9i- The coefficients of this metric belong to the Sobolev 
class Wf^^. 

All of the constructions in this section have been adopted as it stands from [5] , therefore we suppress 
the proofs to the greatest extent. A more detailed discussion can be found in [5], §§ 3-6. 

• In Section 3 we compare the Riemannian curvature operators with respect to gs and go on Mo. 
This section corresponds with § 7 in f2|. 

• In Sections 4 and 5 we estimate the curvature operator of gs, showing that TZ{gs) > k — e{S) holds 
on Mo, which implies TZ{g(^s)) 1^ k — e{S) a.e. on M for the weakly defined curvature operator of 
the VFf„;°°-metric g(^s)- 

• In Section 6 we mollify g(^s) and construct a family of smooth metrics as required in Definition 
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2 Definitions and auxiliary identities 



In [5] Kosovskii introduces a smooth structure on M (Fermi coordinates) relative to which Mq and Mi 
are smooth submanifolds. Moreover, the coefficients of the metric g on M, which is defined by g\Mi = 9i, 
i = 0,1, are continuous (cf. [2], Lemma 3.1). Throughout this work, we wiU constantly make use of the 
properties of that structure. To that end, we shall repeat the construction here: 

First we cover F with coordinate charts {x^, . . . , x"~^). If the distance d is small enough, the hy- 
persurfaces F(d) equidistant to F are smooth. For a point p £ Mq near F we put x"(p) — d{p,T), and 
{x^{p), . . . , a;"~^(p)) are the same as the coordinates of the point of F closest to p. On Mi we repeat this 
construction with x"'{p) = —d{p,r). In these coordinates the metric tensor g on M defined above is of 
the form 



f 31,1 ••• gi,n~i o\ 

ffn-1,1 • • • gn-l.n-1 

V ... ij 



(2.1) 



The coordinate charts {x^, . . . ,x") give us a smooth structure on M = Mq Mi which we will work 
with in what follows. All computations near F will be carried out in these coordinates, unless noted 
differently. 

Notation 2.1. On Mq we put dt ~ gp- /or 1 < i < n — 1 and N — where (x^, . . . , a;") is the 

coordinate chart introduced above. Note that N[p) is a well defined smooth vectorfield near T, which is 
normal to the hypersurface T{d{p)) equidistant to F and containing p. 

The following lemma uses the above construction to smoothly extend the metric gi from Afi to a 
small neighborhood of F on Mq. 

Lemma 2.2 ([2 , Lemma 3.1). The metric gi smoothly extends to a small neighborhood o/F in Mq in 
such a way that the hypersurfaces equidistant to F with respect to the extended metric g[ and the metric 
gQ coincide. 



Proof. In coordinates defined above the metric gi on A/i is of the same form as in (2.1 ). Locally in a small 
enough coordinate neighborhood U of some point of F we may smoothly extend {gi)ij, 1 < i,i < — 1 
to J7 n Mq and put {g'i)in = Sin- We then cover F by finitely many such neighborhoods and define g[ 
near F using a subordinate partition of unity. One easily checks that the obtained metric has the desired 
property. □ 

Throughout this work we will use the following 

Notation 2.3. Given a (0, 2) tensor A on TM we denote by A the corresponding linear endomorphism 
of TM satisfying 

A{v,w) = {v,Aw)g 

// {ei, . . . , e„} is a basis of TM at some point p € M and Ae^ = A^e^, then A] = A^ig^^ , where 
Aki — A{ek,ei) and {g^^)i<k,i<n is the inverse of the matrix {g{ek,ei))i<k,i,<n- The operator A is 
self- adjoint iff the tensor A is symmetric. 

Definition, Lemma 2.4 (The operator L, cf. [2], 3.4 and 3.5). Let L be the sum of the second funda- 
mental forms on F with respect to the inward normals on Mq and Mi ( or the difference of the second 
fundamental forms with respect to the common normal N ), and let L be the corresponding selfadjoint 
operator on TV , i.e. L{-,-) ^ {■,'L-)q. 

In a small neighborhood ofT the operator L extends to TMq so that LiV = and VatL = 0. 

Proof. For a point p G F we may extend L to TpMQ by linearity such that LiV = 0, and for X E TMq we 
use parallel transportation P along the integral curves of the vector field N and put LX := P^^LPX □ 
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Note that if the initial operator is positive semidefinite, then so is its extention: 

{X,LX)a = {X,p-'^'LPX)a = {PX,LPX)o > 
The following C°°([0, oo), M)-functions will be used to modify the metric go near F: 

Definition 2.5 (Auxiliary functions fs, Fs and J-s, cf. |2], 3.3). Let fs be a function on ]R>o with the 
following properties: 

/5(^) = l-^ if xe[0,S'] 

-S^ <fs<0 and f^{x) <S ii x E [6'^, 6] 
fs{x) = if x e [(5, +CX)) 



We put 



[ fs{t)dt = Q 
Jo 



Fsix) := / fs{t)dt 
Fs{x) -.^ f Fs{t)dt 




Figure 1: The function fs 

Notation 2.6 (Projection operators). Let 

: TMo ^ TT{d) C TMq 

and 

: TMo -> {TT{d))^ C TMq 

he the projection operators. The coefficients of the corresponding (0,2) -tensors (with respect to the coor- 
dinates chosen above) are 



and {P^)ij = SinSjn 



T\ _ ( {9ij)l<i,j<n-l 



V 
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Definition 2.7 (The modified metric gs, [1], 3.6). Let I denote the identity on TMq. We define the 
self-adjoint endomorphism Gs by 

Gs=I + 2Fs{x'')L - 2CJ"5(a;")P^ (2.2) 

and the modified inner product {■,-)s on TMq by 

(•, ■)s = (•, Gi--)o 

i.e. in coordinates we have 

4- = 4 + 2Fsix-)L,, - 2CJ-5(x")(P^)„- 

The constant C the definition of is to be chosen later. Note that the operator is well defined 
globally on Mq, since by our choice of coordinates we have a;"(p) = c?g„(p, F) for a point p near F, and F 
is compact by assumption. 

Remark 2.8. has the following properties: 

(i) As 5 tends to zero, G5 converges to I uniformly on Mq. 

(ii) The coefficients of the metric gt^g) which is defined as gg on Mq and gi on Mi belong to W^^^ 
(Hi) The hyper surf aces T{dgg) andT(dg^) coincide. 

Proof, (i): L and P-^ are bounded near F, and Fg^Fg — > uniformly as 5 — > 0. 
{ii): On F we have 

dkgtj = dkg% = dkglj 

for fc = 1, . . . , n—1, since go — 9i on F. In a point p G F, using L?- = — (Vg. A^, dj)^ and L\j — {\7g.N, dj)i 
one computes 

and 

dug], = ^L]^ 

Thus, on F we have 

5„4 = d^ij + 2L,, = 2{L,, -L^^)=2Ll^= d^g], 
which implies that the first derivatives of g^g) are continuous on AI . Since F C i\f is a smooth submani- 
fold and g^^) is smooth on A/q and Mi, respectively, we have g^^g-^ e ^foT 

{Hi) Note that gg{dt,N) = Sin = goidi,N) due to LA^ = = P'^N. Therefore N is also normal 
with respect to gg to the hypersurfaces T{dg^), which implies dg^(-,F) = dg{-,T). □ 

Definition 2.9. For two endomorphisms Sg,Tg of TMq which depend on 6 we say that 

Sg w Tg 

iffSg\r — Tg\r and all eigenvalues ofSg — Tg uniformly tend to zero on compact subsets of Mq as (5 — > 0. 
For two vectorfields Xg,Yg on Mq we say that Xg w Yg iff Xgl^ = i^alr \\Xg — Y^Ho — > uniformly 
on compact subsets as (5 — > 0. 

Note that Sg w Tg {Xg « Yg) holds iff in local coordinates {Sg)ij = {Tg)ij on F and \{Sg)ij - {Tg).ij \ 
(X] = 17onFand jX^-l^l^O). 

Lemma 2.10 (Auxiliary identities, cf. [2 , Lemma 6.1, 6.2, 6.3). Let 

X,Ye . . . , 9„_i} C TT{d) c TMq 
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N^dne {TT{d))^ C TAfo 
Then the following (approximate and exact) identities hold 



Va-VatG^ « 2/5(a;")VxL (2.3) 



(V^iV, Y)s = (V^X, y)5 - ^ ((VatX G^y) + (X, GsVnY) + {X, iVNGs)Y)) (2.4) 



V^iV = (2.5) 
VlrX = V^iV« VxiV + /5(2:")LX (2.6) 

P^(V^r) « P^(Vxr) (2.7) 
Proof. Detailed proofs of these identities are given in [3j . For the convenience of the reader we prove one 



of the identities in (2.3 1. VxG^ « 



By definition of Gg we have 

^xGs = Vxl + 2Vx(i^5(x")L) - 2CVx(-F5(2:")P^) (2.8) 
Let ^ e TMq. We compute 

Vjfi(e) = Vjf(iO-i(VAC)-o 

and 

Wx{Fs{x^)L)^ = Vx(i^^(x")L0-F5(x")LVxe 

The first term of the last expression vanishes since X E {di, . . . , dn~i} and Fs only depends on x". 
The next two terms tend to zero as 5 — )• by definition of Fs . By a similar computation one verifies that 



the last term in (2.8) is w as well. 

□ 

3 The Riemannian curvature operator of gs 

In this section we compare the Riemannian curvature operators of gs and go on Mq (cf. §§ 7-8 of [2]). 

Let us first recall that given a finite dimensional vectorspace V one has the following connection 
between (0, 4)-tensors on V and linear operators and bilinear forms on A^V: Any (0,4)-tensor {Tijki} 
which is antisymmetric in i, j and k,l, respectively, induces a bilinear form T on A'^V via 

T(ei A ej,ek A e;) := T{ei,ej,ek,ei) = T^ju 

where ei, . . . , e„ is some basis of V. The antisymmetries of T ensure that 

T{ei A ej,ek A e/) = -T{ej A e^, A e;) = -T(ei A e-,-, e; A e^) 
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If in addition Tijki = Tkuj then the induced bihnearform T is symmetric. For arbitrary a,(3 £ A V, 
" = Ej<j a'^e» A ej = a'^e, (g) e^-, /? = X;i<i ^'^e^ A e^- = /3*J'ei (g (a*^' = -a^'^ and /3*^' = -/S^') one 
computes 

(here and in hat foUows we make use of the summation convention). As mentioned in the introduction, 
an inner product g on V induces an inner product on A^V: 

I^(ei A Cj, Cfc A ei) = gtkQji - gjkgu 
Using this inner product we may identify hnear operators and bihnear forms on A^V by putting 

I'^ici A ej,T{ek A e;)) = T(ej A ej,ek A e/) 

The bihnear form is symmetric iff the operator is self-adjoint. 

Conversely, any bilinear form T on A^V (or the corresponding linear operator) induces a (0, 4)-tensor 
on V via 

T{ei,ej,ek,ei) := T{ei A 6^,6^ A e;) =I^(ej A ej,T{ek A e/)) 

The such defined tensor has the symmetries Tijki = —Tjiki = —Tijik, and if in addition the bilinear form 
is symmetric, then we also have Tijki = TkUj. 

In view of these identifications, in what follows we will often switch between operators and bilinear 
forms on A^{TM) and (0, 4)-tensors on TM. 



In Section 7.1 we will use the following 

Lemma 3.1. Let T be a bilinear form on A^V and (Tijki) the corresponding (0, A)-tensor on V . IfT is 
positive semidefinte, then so is the bilinear form tr24T := g^'T{-, ej, -,61) : V x V ^ R. 

Proof. Let {ei, . . . ,e„} be a basis of V such that gtj — g{ei,ej) = Sij. Let ~ ^'^Cfc G V. For every 
1 < j <ri we define the 2-vector aj = ^'^e^ A Cj £ A'^V. By assumption T{aj,aj) > 0. We compute 

tr24T(e,0 - 5^''T(?,e„C,e,) = 5]eYnefe,e„ei,ej) 

j 

= ^ ^fc^' r (cfe A , ez A ej ) = ^ r («, , a, ) > 
i j 

□ 

Note that this lemma also holds if we replace tr24r by triaT. We will also make use of the Kulkarni- 
Nomizu product on End(TM), which is defined as follows: 

The Kulkarni-Nomizu product of two linear endoniorphisms A, B of y is the linear endomorphism 
A A B : A^y -> A^y, which is defined as 

(AAB)(e,Aej) ^ (A(e,) A B(e,) + B(e,) A A(e,)) 

for basis vectors A ej, and extends to A'^V by linearity. The factor ^ ensures that we have idy A idy = 
i^A^y- The corresponding bilinear form on A'^V is given by 

AAB(ej Aej,efc Ae;) := ^^(ej A e^, (A A B)(efc A e,)) 



^{AikBji — AjkBii + BikAji — BjkAii) 



where A, B are the bilinear forms on V corresponding with A,B (cf. Notation 2.3 1. Note that the 
induced (0,4)-tensor {(AAB)^^^;} is antisymmetric in i,j and k,l, respectively. If in addition A and B 
are symmetric, then we also have the symmetry (A A Ji)ijki = (A A B)kiij. 

Throughout this work we will frequently make use of the following 
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Lemma 3.2. Let A, B be two self-adjoint endomorphisms of {V,g). // A, B > (in the sense of 
eigenvalues) then A A B > 0. 

Proof. It suffices to show that (A A B)(a, a) > for any a G A^V. Let {ei, . . . , e„} be an orthonormal 
basis of {V, g) such that Aij = XiSij with respect to this basis (where Ai > by assumption), and 
a = J2i<j ^ — a^^Ci (E) ej € A^V. As mentioned above, a bihnear form T induced by a (0, 4)- 
tensor T satisfies 

where Tijki T{ei A Cj, Cfe A e;). We compute 

(A A B)(a, a) = \{A,^B ^la'^ a'^' - A^uBaa^' a'^' + B.^A^ia'^ a''' - Bj^Aua^'a'^') 

o 

= ^A.kB.ia'^a'^' 
2 

= ]-\,Bjia''a''>Q 
2 

where we used a'-' = —a-'' and the fact that for every fixed i we have Bjia^^a^^ > by assumption. □ 

Let us now consider the Riemannian curvature operator of gg. For ease of notation here and in what 
follows we shall omit the index for quantities related to Mq. For example, we write (•, •) for (•, ■)q and 
TZ for TZq. We define Ss ^ Ts for selfadjoint operators on A^(rA/o) in a similar way as in Definition 2.9 
The main result of this section is 

Theorem 3.3. Let Us = 7^(g^). Then 

TZs « n-f^A + fsB-2rsC + 2flC^ + 2Cfsi (3.1) 

holds on Mq, where 



A 
C 

X 



= L AL 

= LAP^ 

= L^AP^ 

= P^AP^ 



(cf. Notation 2.6 for the definitions o/P and P ), and B is a smooth operator on A (TM) depending 
on L which we will define later. 

Lemma 3.4. For i, j, /c, / S {1, . . . , n — 1} we have 

Rfjki « R^Jkl - /|(L A L),,« - 2fs{L A VN),,u (3.2) 

where V N is the endomorphism X G TM i-^ V xN G TM (recall that N is the unit vector field orthogonal 
to the hypersurfaces of Mq equidistant to T, cf. Notation 2.1). 

Proof. We proceed as in Lemma 7.1. Let p e Mq be a point near F and d = dist (x, F) = x^{p). Let 
k,l < n — 1. Recall that by Definition |2.2| we have 



gii = gui + 2Fs{x")Lki - 2CFs{x^)gH 

Therefore, for i, j < n — 1 
and 

didjgli ~ didjgu 

and thus 

-Rr(d) ~ BT(d) 
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Using the Gauss theorem and (2.61 we compute in p 



+ {{Wd^N,dk) + fs{dj,Ldk)){{^o.N,di) + fs{d,,Ldi)) 

= {RridM,dj)dk,di) - {Vd^N,dk){V9,N,di) + {Va,N,dk){'^o,N,di) 

- /|((a„L9fe)(5„L5i) - {dj,Ldk){d,,Ldi)) 

- fs{{d,,Ldk){Wa,N,di) - {d„Ldk){Wg^N,di) + {Wa^N,dk){d„Ldi) - {W9^N,dk){dM)) 

□ 

Lemma 3.5. For i, j,l E {1, . . . ,n ~ 1} we have 

Rfjni - R^onl + ^((9,, (Va^.L)^;) - (5„ (Va.L)9,)) (3.3) 

Proof. We proceed as in _2J, Lemma 7.3. Let z, j, I G {1, . . . , n — 1}. By definition of the Riemannian 
curvature tensor we have 

{R\d,,d,)dn,di)s = {%VlN,di)s~{Vly%N,di)s (3.4) 
= d,{VlN,di)s - d,{V%N,di)s - {Vl^N,V%di)s + {V%N,Vl^di)5 

1) For the first two terms on the right hand side we compute using (2.4): 



d,{V%^N,di)s-d,{V%^N,di)s 

1 

2 
1 

2 



After termwise differentiation we get three different types of terms: 
a) Terms in which is not differentiated: Since w I, their sum is approximately equal to 

dj{Va,N,di)-d,{Va,N,di) 



b) Terms in which G^ is differentiated only with respect to di are approximately equal to by (2.3) since 
we have i e {1, . . . , n — 1}. 



c) Terms which involve mixed derivatives of Gg with respect to both di and N. In view of (2.3) 
their sum is 

- (Va.5„ L^i) - {d„ (Va.L)a,) - {d.M^dA))) 
where we used that di and dj commute. Combining a), b) and c) gives us 

dj{'^%N,di)s-d,{^%N,di)s « a,(Va,iV,a,)-9,(Va,A^,9i) (3.5) 
2) Let us now consider the last two terms on the right hand side of ( |3.4[ ). Since {\7g,N, N)s = we have 
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Therefore, in view of (2.6) and (2.71 

7<5 AT PlA . I AT 



= -(V|,iV,P^(V|^90)^ + (V|^^,P^(V|,90)* (3.6) 
« -((Va,iV,P^(Va^aO) + /5(L9„P^(Va,aO)) + ((Va^iV, P^(Va.aO) + /i(La,, P^(Va,aO)) 



where in the last hne we used (Ldi, N) — (9^, LA^) = 0. 



Combining (3.5) and (3.6) we obtain the desired result. 

1} we have 



Lemma 3.6. For j, / G {1, . 



.,n 



R 



njnl 



-Rnjnf — 2/^-(L A P )„j„; + 2/^5 (L AP )„j„;+2C/5(P AP )njnl 

~fs{{Ld„Wo,N) + {Wo^N,Ldi)) 



Proof. We proceed as in [21, Lemma 7.2. Using Lemma 2.10 we compute 
tjui = {R'{N,dj)N,di)5 

jS V7<5 



r: 



=0 



-1 



-2 



fsLd.yNdi + fshdi) 

{R{N, d,)N, di) - f's{dj,hdi) + /KLSj, L9z) + Cfs{d,,di) 
-/5((La„Va,7V) + (Va,iV,L9,)) 



□ 



□ 

Proof of Theorem 3.3 Let us define the (0, 4)-tensor B by 



(Va^.L)5;)(afe,iv) - (a„ (VaX)a,)(afc,Af) 
-{d,,{VQ^-L)du){duN) + {d,,{^9^i.)dk){duN) 

- {dk , ( Va, L)a,) {d, , TV) + (a, , ( Vs, L)a,) (a, , n) 



Clearly the tensor B satisfies Bijki — —Bjiki — —Bijik and Bijki — Bknj, thus inducing a symmetric 
bihnearform B on A^(TA/), B{eiAej,ek A e;) = iJij^; (cf. the discussion in the beginning of this section). 
In view of Lemmas 13.41 - 13.61 the the claim 

Us « 7^ - /|L A L + /.-S - 2/^L A P^ + 2/|L2 A P^ + 2C/5P^ A P^ (3.7) 

follows: Note that since the operators on the right hand side (i.e. their corresponding (0, 4)-tensors) 
have the same symmetries as the curvature operator, it suffices to consider the following three cases: 

Case 1) 

Let fc, Z < n — 1. Obviously in this case 

(L A P^)„-fci = (L2 a P'^'Ujki = (P^ A P'^'Ujm = 
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and B,jki = -2(L A \/N)ijki- Thus ([SJ]) follows by Lemma 



Case 2) 

Let i,j,l<n — l and fc = n. Recall that L^n = for all i and {P^)in = for i < n — 1. Therefore we 
have 

(L A - (LA P^),,„i = (L2 a P^),,„, = (P^ A P^),,„z = 

Moreover, (ViV)i„ = (9i,VAriV) = = (iV, Vg^TV) = (V7V)„, and therefore 



and (3.7) follows by Lemma 3.5 



Case 3) 

Let j,l < n—1 and i ~ k ~ n. Cearly (L A 'L)njni — 0. As in case 2) we have (L A '^N)njni = and thus 

Bnjni = {N, (VoX)90 - {d,, {WNL)di) + {N, (Va,L)a,) - {d,, (VArL)^,) 
= (7V,(VaX)90 + (A^,(Va,L)a,) 



where we used that VwL = (cf. Lemma 2.4). Using the fact that L is self-adjoint and LA^ = we 
compute 

{N,{V9,L)di} = (7V,Va^(L90)- (iV,L(Va,9,)) 
= d,{N,Ldi)-{V9^N,'Ldi) 
= ~{Va^N,Ldi) 



which gives us 



Bnjnl = -{{Vd,N,Ldl)) + (V9,iV,L9,)) 



(3.7) follows by Lemma 3.6 and we are done. 



4 The Riemannian curvature operator of g 



1,/ 



Recall that g^^' is the extention of on a small neighborhood of F in Mq, as introduced in Lemma 2.2 



In this section we compare the Riemannian curvature operators on F with respect to the metrics g and 
(cf. 0, § 9). 



We define the selfadjoint operator Gi on TMq by (•, Gi-) 
Proposition 4.1. Let TZ'i be the Riemannian curvature operator with respect to g^'' . On F we have 

n[=n-A + B + 2C^- Vl^Gi 



where A, B and are as in Theorem 3.3 and Wf^Qi (Vf^Gi) A P^. 



In particular, since TZ[ = TZi holds on F independently of the extension g[, and TZi > by assumption, 
we have 



n- A + B + 2C^ - V%gi > kI 
on F, which is an estimate we will use in the next section. 



(4.1) 



Proof. As in [5], Lemma 9.1, we have to check the approximate identities for Gi which correspond 
with the ones in (2.3). For the convenience of the reader we repeat the computations from P|. Let 
X,Y £ {di, . . . , dn-i}. On F we have 

Gi =1 



which implies 
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on r. Moreover, we have VatGi 



= 2L on r. Indeed 



(X,(V^Gi)r> = {X,Wn{GiY))-{X,G,(WnY)) 

N{X, G,Y) - {WnX, Y) - {X, WnY) 
= N{X,Y)[-{WnX,Y)-{X,WnY) 

= (vi''^x, Y)[ + {X, yi'^r); - {WnX, y) - {x, v^y) 

= 2LoiX,Y)-2LiiX,Y) 
= {X, 2LY) 

where we used that in our coordinates the second fundamental forms of F with respect to N are 
~{X,\7 jyY) and (X, V^''^y)^'' (cf. Remark 2.8). Furthermore, recaU that by construction we have 
GiA^ = (cf. Lemma 2.2) and therefore 

{VnGi)N = Vn{GiN) - Gi(VjviV) = = LiV 

Finally, VatGi = 2L implies VxVjvGi = 2VxL on F. 

We can now repeat the computations from the previous section, where the only difference occurs due 
to the Vat VatGi term. □ 



5 Estimating TZs on Mq 

The goal of this section is to show that TZs > (k — e{6))Xs holds on Mq. 



Lemma 5.1. We have 

n-flA + fsB > iK~e(6))I + 2fs{-C^ + ^W%gi) (5.1) 

where e{6) tends to zero as S 0. 

Proof. Since F is compact it suffices to show that 

7^(a, a) - f^A{a, a) + fsB{a, a) > Kl{a, a) + 2fs{-C^ + ^ V^g^i) (a, a) - e{6)I{a, a) 

holds on a small neighborhood [/ of a point p G F for every 2-form a on U where e{5) does not depend 
on a. Let us fix a coordinate neighborhood {U,(p) of p as in Section 2. W.l.o.g. we assume that a has 
fixed coefficients satisfying J27 — ^■ 

We proceed as in Lemma 9.2 of Off a ^-neighborhood of F, i.e. /^(a;") = the inequality holds 
without an error term. For /^(x") = 1, i.e. on F the inequality follows from (4.1) and the assumption 
7^l > K. 

Let us now fix a point x — (x^ , . . . ,x"^^) ^ U CiT and look at the inequality on the line segment 
{(x,x") : e [0,(5]}. Let 

2 

For x" € [0,(5^] we have /^(x") G [0, 1] (cf. the definition of fs). If the quantities TZ{a,a), A{a,a), 
B{a,a) and Q(a, a) would not depend x", the inequality 



7^(a, a) - fsA{a, a) + fsB{a, a) > Kl{a, a) + 4:fsQ{a, a) (5.2) 

would hold without an error term since it holds for fs — and fs — 1 and the function 

[0, 1] ^ M 

y I—)- TZ{a,a) — y^A{a,a) + yB{a,a) 
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is concave (note that L > implies ^ = LAL>Oby Lemma 3.2 ). However TZ{a, a), A(a, a), B{a, a) 
and Q{a,a) do depend on x", but they are smooth on Mq and hence ahnost constant for smaU a;". 
Indeed, one has for instance 



\TZ{a,a){x, s) — TZ{a,a){x,t)\ = 

< 



^\Rijki(x,s) - Rijki{x,i 
5c{n) sup \\Ri]ki\\c^u) 



.kl\ 



for all s,t G [0,5], which tends to zero since the C^-norm of the coordinate functions is bounded if we 
choose U small enough. Therefore (5.2) holds up to a small error term e{S) on the right hand side for 

x" € [0,S% 

For a;" G [i5^,(5] we have /^(x") e [—(5^,0]. A,B,I and Q are uniformly bounded near F, therefore 
(5.2) holds for all G [0, S] if we choose 6 sufficiently small and subtract another e{S) on the right hand 
side. 

□ 

Proposition 5.2 (cf. Lemma 10.1). If the constant C in the definition of gs is chosen large enough, 
then for small S > 

ns>{K- e{S))ls 

where s{S) as S tends to zero. 

Proof. Since gs — > g in the C°-sense, it suffices to show 

Us > {k-s{S))I 



From Proposition 3.3 and Lemma [5. 1| we get 



Us « n-f!A + fsB-2f'sC + 2f!C^+2Cfsi 

> kI + 2fs (-£2 + 1 v^^i + Ci) - 2f'sC + 2f^C^ - e{5)I 



By definition we have 



+ + C±^ (-L2 + ^V^^Gi + CP^) A P^ (5.3) 



Note that the operators and V-^G i va nish on TT{d)^. Therefore (5.3) becomes nonnegative near F 
for a large enough C in view of Lemma 3.2 (recall that P^ is nonneg ative). Moreover, -C^ + \Vl,gi+Ci 
is uniformly bounded near F, and fs > —6"^ by definition. Therefore 

2/5 (-£2 + ]^Vlgi + CI) > -e{S)I 

f'g is negative on [0,(5''), does not exceed e{S) on [(5^,(5] and vanishes else. £ = L A P^ is nonnegative 
and uniformly bounded near F, which gives us — 4/^-£ > —e{S)I. Obviously fgC^ — /^L^ A P^ is 
nonnegative, and we are done. □ 

Corollary 5.3. The weakly defined Riemannian curvature operator of the W^^^ -metric (7(5) on M, 
(recall that g(s)\Mo — 9s and g(s)\Mi = 9i) satisfies TZ{g(^s)) > k — e{6) a.e. (everywhere except on T). 

Proof. In local coordinates the Riemannian curvature tensor of some metric h is given by 

R{h)ijki = djdkh,i + didihjk - djdihn, - didkh^i + (h^^ •dh* dh)ijki (5.4) 



where • means contracting tensors using the metric. Since the second derivatives enter (5.4 1 linearly, 
T^{g(S)) can be defined on M in the weak sense. TZ{g(^s)) > — £(5) a.e. follows from Proposition 5.2 and 
the assumption TZ{gi) > n ■ 

□ 
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6 Mollifying g(^s) 

By mollifying g^g-j we construct a family of smooth metrics with properties as required in Definition 
Proposition 6.1. There exists a family of smooth metrics g(^s) such that 

9(5) ~^ 9 uniformly on compact subsets of M 

and 

holds with e{d) 0. 

Proof. Let us fix a small 5 > 0. We choose a locally finite cover of coordinate neighborhoods (Us) such 
that Us CC U's for some coordinate chart J7^. Since F is compact, we may assume w.l.o.g. that UgOT — 
for s > for some N gN. We denote the coordinate functions of g^^g-^ on U'^ by {9^g'^)ij- After choosing 
U'g even smaller if necessary we may also assume that || (5*5) )ij llcHC/O < C' < 00 for all s < N. For s < N 
and X G Us let 

i9mhi^) = (Ph * (.9(5))y)(a;) = / p(z){9fs))ij{x - hz)dz (6.1) 
^ ' "'kl<i 

where p G C^(M") satisfies suppp C i?i(0) and J^^ P — ^, and h is small enough so that for all s < 
X — hz lies in U's for all z g i?i(0) (here we identified the coordinate neighborhoods on M with the 
corresponding neighborhoods on K"). g"^'^ is a well defined metric on Ug which converges to g(6)\us in 
the C^-sense. Let (rjs) be a partition of unity on M such that supp?]^ C Us for all s. For h as above we 
then define a smooth metric g^^^ on M by 



•5) 

s<Af s>Af 



We now calculate the Riemannian curvature tensor R{g'^g~^) using the formula (5.4 1. The terms which do 



not involve any derivatives of the unity functions ?/s give us just the mollified Riemannian curvature tensor 



(i?((7(5)))'', constructed in the same way as g^^^ in (6.1) and (6.2). The other terms vanish uniformly on 



M as h tends to zero. We shall verify this exemplary for one of them. After fixing a coordinate chart 
{U, ifi) we compute 



< 



I Z ^j^kTls{9'ls])ii + Z d3dkris{9{S))ii\ 

s<N s>N 

I Z 9jdkVsi9iS))ti + Z 9j^kVs{i9ls))^i - (.9iS))ii) + Z ^'J^kr}s{9(5))i 

s<N s<N s>N 

\djdk iJ2^'^)i9{S))^i + Z \939kVs\\i9ls^)ti - {9{S))zi\ 



s<N 



< N( max 

^s = l,...,N 



ll??s||c2((7,))(^J^ax^^^max J\i9ls))ii - (.9(5))*/|l lc«(t/,)) 




All in all we obtain 

\iR{9t5))hki~{R{9iS)))%ki\<eiS,h) 
where s{S, h) for every fixed 5, which implies that 

n{g\,^) > {n{g^s))Y' - e{5, h)I{g^s)) (6.3) 

Moreover, Corollary |5 . 3| implies 

{n{g(s)))">{^-e{d)){I{g^s)))'' (6.4) 
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holds. Indeed, for any two form a on Us' (w.l.o.g. with fixed coefficients) we have 

J\z\<l 4 

f (k - 6(6)) I p{z)^-mg^s)))t,kii^ - hz)a^^a'^Uz 



Combining (6.3) and ( |6.4[ ) we arrive at 

7^(4)) > (K-e{5)){I{9(s))f~e{S,h)I{gi^s)) 

> (n- e{S)){l ± s{5))I{g\,)) ~ e{5, h){l + £(<5))I(g(%) 

where we used the fact that for every fixed 5 both (1(5(5)))'' and I{g'^g^) approach I((7(5)) as h tends 
to zero (± referes to k > 0, k < 0, respectively). Since s{S, /i) — > as /i — ?► for every fixed 5, we may 
choose h small enough such that e{5, h) < e{S), thereby obtaining 

7^(<?f^))> («-(l«l + 3)£(<5))l(g|^,)) 

and the desired result follows with g^s) — 9^s) and £{5) ~ (|k| + 3)e((5). □ 

7 A similar result for other operators 

As mentioned in the introduction, an analogue result can be shown for manifolds with lower bounds on 
the Ricci curvature, scalar curvature, bi-curvature, isotropic curvature and flag curvature, respectively. 

7.1 Manifolds with Ricci curvature > k 



Theorem 7.1. Let (Mo,5o); {^1t9i), (Mi 9) o-i^d, L = Lq + Li be as in Theorem 1.2 Suppose that 
Ric(.go) and Ric((7i) are at least k (in the sense of eigenvalues). If L is positive semidefinite, then Ric(5) 
is at least k (in a similar sense as in Definition \l . 1\ . 

Proof. Given a symmetric bilinear form T on K^iTM) and a metric h we denote 

mch{T) = h^'T{-,d„-,di) 

where T{di,dj,dk,di) — T{di A dj,dk A di). The strategy of the proof is similar to that of the proof of 
Theorem 11.21 We show 



(a) The curvature operator of the modified metric gs on Mq satisfies KiCg^{TZs) > (k — e{S))gs with 



e{S) — > (this corresponds with Lemma 5.2 1 



(b) By mollifying g^g-^ we construct a family of smooth metrics which approximate g in the C'^-sense 
and have Ricci curvature at least n — £(^). 

(a): Here we may simplify the argument of the previous sections. Recall that we identify endomorphisms 
and bilinear forms on TMq in the sense of Notation |2.3[ In view of this identification, we have g = idxM„. 



Since gg ^ g on Mq, it suffices to show IliCg^{TZs) > (k — £{S)^idTMg. By (3.1) we have 

RiCgAns) > RiCgAn) - fiRiCg,{A) + fsRiCg,{B) 

- 2/^RiCg, (£) + 2/|RiCg, (£2) + 2CfsRiCg, {I) - £((5)idTMo 

Since fg is bounded and gg g in the C°-sense, we may replace RiCg^ by RiCg everywhere except in the 
f'g term, i.e. we have 

Ilicg,(7^5) > Ricg[n) - fjRiCg{A) + fsRiCgiB) (7.1) 
- 2/^RiCg, (£) + 2/|Ric<,(/:2) + 2CfsRKg{i) - £{5)iATM, 
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Recall that T = A (cf. Notation 2.6 1. We compute 



(Ric,(P^AP^))^ 



„jl I pT pN pT pN I pN pT pN p. 



■^1 
jk^ il I 



^(tr,(P^)P7,+tr,(P^)F,^) 



= l^{Plk + in-l)Pll) 
If we assume that n>2 (the case n = 1 is trivial), this implies 



(7.2) 



Ric3(i) > -(P^ 



-id 



TMo 



(7.3) 



Therefore, using the assumption RiCg(7?.) > k, we can estimate the right hand side of (7.1) from below 

by 

Ricg, (7^^) > {k- e(5))idTMo - fs'R-^CgiA) + fs^iCg{B) 



- 2/^Ric,, (£) + 2/lRic,, (£2) + C/^idTA/o 

= {n-e{5)yiATM,-2fgKiCg,(L) 

+ fs {-fsKiCgiA) + Ric<,(S) + 2fsmcg{C^) + CidTM„ 



(7.4) 



The operators A, B and are smooth and hence uniformly bounded near T. Therefore, the term in 
parenthesis in ( 7.4 1 is nonnegative for large enough fixed C and bounded from abovc|^ Since fs £ [—S'^, 1], 
the last expression in (7.4) is > —e{6)idTMo^ ^^id we arrive at 



Ricg,(7^5) > (K-e((5))idTAfo -2/^Ric<„(/:) 



(7.5) 

Finally, we compute the /^-term in ( |7.5[ ). Let us fix a point x € Mq near F. In the construction of 
local coordinates in Section 2 we may additionally choose x^, . . . , such that di{x), . . . , dn-i{x) are 
orthonormal with respect to g(x) and L{x) is diagonal. By construction this implies that gs{x) is diagonal, 
{gs)ji{x) = fiiSji, where fii > since gs is positive definite. Moreover, we still have (P^)ij — SinSjn in 
these coordinates. Therefore, given a vector ^, in x we compute using Lkn = for fc = 1, . . . , n: 



(Ric,,(/:))(e,e) 



(L A p^.kiec" = E - (L A p^'yauce 

1=1 

n 



1=1 



Mi 



since i > by assumption. We then proceed as in the proof of Proposition 5.2 and estimate the /^-term 
from below by — £((5)idTA/o- 



(b): Let us fix a (5 > 0. We construct the metrics g^^^ as in Section 6. By (6.3 1 and since g^^-^ — > 17(5) 
uniformly as /i — > we have 

RiCg. (7e(<7f5))) > R\Cg^,^(Jl{g(s))f - e{S,h){g^s)) 



^ Note that at this point we simplified the argument of Sectionjs] RiCg(P^ AP^) is estimated from below by the positive 
definite operator ^idj^jv/o' hence the A,B and terms are absorbed by CidxMo- When considering the full curvature 
tensor, the corresponding operator CF^ A has nontrivial kernel, which is why we needed the concavity argument of 
Lemma 15.11 
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where e{6, /i) — > as ft, 0. Given a vectorfield X on Us' which has constant coefficients not exceeding 
1, on Us we compute using (a) and the mean value theorem 

mc,^,^{ng^s)))''^%x)iX,X) = f p{z){g(s)y\x){R{gf^s)))l,u{^~hz)X^X^dz 

J\z\<l 

p{z){my\x - hz){R{g^s)))tM^ - hz)X^X''dz 

\z\<l 

h f p{z)D{g^s)Y'{Uhz)z{R{g(S)))tM^ - hz)X'^X''dz 

J\z\<l 



> {^-e{S))gl-^^{X,X)-hC{S) 

s,h / 



> 



{^-2s{S))gl,'^{X,X) 



where ^x,hz = (1 — t)x + thz for some t £ [0, 1], and C{S) depends on the bound of TZ{g(^s)) near F, which 
is finite for every fixed 5. Note that for every fixed 5 we may choose h small enough so that hC{5) < e{S). 
Since [/s H F ^ only for finitely many s, we deduce 

Ric,<,,(7^(5(^)))"> («-2e(<5))5[',) 

Thus 

Ric^. ^ (Uig'^s))) > (« - MS))9ts) ~ ^(^^ h){g(^s)) 

Finally we choose h even smaller such that e{6, h) < e{6) and 5(5) < {l + e{S))g^gy and the result follows 
with 5(5) = g^g.^ and e{S) = 4e((S). 

□ 

7.2 Manifolds with scalar curvature > k 

The scalar curvature of a C^-smooth Riemannian metric g is defined as sc{g) — tr^RiCg ~ 9^*^ 9^^ ^Iju- 
As mentioned in the introduction, in the scalar curvature case we may weaken the assumption L > on 
F to trgL > on F, i.e. the sum of the mean curvatures of go a-nd go is nonnegative. 



Theorem 7.2. Let {Mo,9o), {Mi,gi), {M,g) and L — Lq + Li be as in Theorem 1.2 Suppose that 
sc(go) md sc(gi) are at least k. If iigL >QonT, then sc{g) > K,(in a similar sense as in Definition 



Proof. First let us assume tr^i > on F. In analogy to Lemma 2.4 we need to verify that the extension 
of L satisfies trgiy > 0, if so does the initial operator on F. In fact, for x G Mq near F we have 
trg(2.)L(a;) = tig(^j.^L[x), where x is the point of F nearest to x. Indeed, let x € Mq be a point near F such 
that the extention L is well defined in x. Recall that for X £ T^Mq we defined LX = P^^LiPX, where 
P is the parallel transportation along the integral curves of the normal field N, which takes X £ T^Mq 
to PX £ T^Mq. Let ei, . . . e„ be an orthonormal basis of T^Mq, and let gij{x) = {ei^ej) g(^x) = ^ij a-nd 
Lij{x) = (L(x)ei, ej)g(2.). We compute 



irg(x)L(x) = g'^^{x)Lij{x) ^^(L{x)ei,ej)g(^x) 

n n 

1=1 1=1 

n 

= Y,Hi){Pe^,Pe^)=tIg^^■,L{x) (7.6) 
1=1 

since Pei, . . . , Pe„ is an orthonormal basis of T^Mq. 

Given a metric h and a bilinear form T G [TM] we denote: 

sc^(r) = h'''h''%ki 
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where Tijki — T{di A dj,dk A di). By (3.1 1 wc have 

ins) 

- (£) + 2/|sCg, (£2) + 2C/,sc,, (J) - e{S) 
> sCgiTZ) ~ f^sCgiA) + fssCg{B) 

- 2f'sscg, (£) + 2f^sCg{C') + 2Cfs8Cg{i) - e{S) (7.7) 

where we used that gs ^ g in the C°-sense and the fact that all terms, except for the /^-term, remain 
bounded as 5 — )■ 0. In view of (7.2) we have 

scgl = ^g^'^iPl + (n - 1)/^^) = n - 1 > 

if n > 2. Similarly as in the previous section, we use the assumption sCg(7?.) > and the fact that A, 
B and are bounded near F and fg is almost nonnegative, so that after choosing C large enough, we 
may estimate (7.7 1 from below by 

sc,,(7^^) > K-siS)-2nsCg,{£) (7.8) 

Consider the /^-term in the above expression. As in the previous section, in some point x G Mq near 
r we may choose local coordinates such that — Sij, Lij = XiSij, {gs)ij — tA^ij ^ij — ^in^jn- In 
these coordinates we have (recall that A„ = i„,i ~ and /i* = 1) 

n 

{sCgAC)) = gf5^'(LAP^).,H= ^ ^^(LAP^),,,,- 



1 " 1 1 

^ n ^ n— 1 ^ 



Note that the eigenvalues — > 1 sinee — > g uniformly, hence trc?(L) = X!ILi > implies 

n — 1 ^ 71 — 1 



E ^ (1 - ^(^)) E ^« ^ 



for small enough 5. We then proceed as in the previous section and estimate the /^-term in (7.8) from 
below by —e{S), which completes the proof for the case tr^L > on F. 

Let us now study the case where tr^i > on F. In this case we may slightly modify either one of 
the initial metrics g^ or g\ near the boundary, such that tr^L becomes strictly positive, and then repeat 
the argument above. More precisely, consider go near F. Recall that in local coordinates (x^, . . . , a;") we 
chose in Section 2, 50 has the form 

'50 0^ 



1 



where g is the restriction of g to the equidistant hypersurfaces F(c?), d = distg(r, •) = x" . Let do > 
small enough so that T{d) is smooth for d < do. We find a smooth function (p : ]R>o M>o satisfying 

ifiO) = 1, (^'(0) < 0, ip\ido,oo) = 1 and |(^'|, \ip"\ < e 

with £ small, and put 

= 1 

Note that in view of <p(0) = 1 we have go|r — 5o|r — 5i|r, so that the isometry of the boundaries is 
preserved. As in Lemma 2.8 in a point p € F (i.e. a;"(p) ~ 0) we compute 

L% = -\drrg% = - \v{Q)dng% = -^¥''(0).g^, + L% 
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and thus 

~ 1 n 

which gives us trg^Lo + trgi^i > 0, since by assumption tr^gLo + tr^jii = trgi > on F. Moreover, 
by construction, the new metric go is C^-close to go, thus their scalar curvatures differ only by an error 
term e coming from the first two derivatives of ip, which we may choose arbitrary smalL We then may 
replace go by go and proceed like in the tr^i > case. 

□ 

Remark: In [3 P. Miao generalized the positive mass theorem [5] (which says that an assymtotically flat 
manifold with nonnegative scalar curvature has nonnegative ADM mass), to metrics which fail to be 
across a hypersurface E. One of the essential steps of his proof was to smoothen the metric across S in 
such a way that the scalar curvarture stays bounded from below by a constant (cf. [3 , Proposition 3.1). 
Theorem |7.2| provides a slightly better approximation, since in our case the smooth metrics have scalar 
curvature > — £. 



7.3 Manifolds with bi-curvature > k 

The bi-curvature hi{g) of a C^-smooth Ricmannian metric g is defined as the sum of the two smallest 
eigenvalues of Tl{g). Note that bi(g) > k holds on M iff 

7^(5)(a,a)+7^(g)(/3,/3)>A^ 

for all a, /3 e A^(TAf) which are orthonormal with respect to g. 



Theorem 7.3. Let (Mo,go); (-^1j5i); (Mig) md L = Lo + Li be as in Theorem 1.2 Suppose that 
bi((7o) OLi^d bi((7i) are at least k. If L is positive semidefinite, then bi(g) > n (in a similar sense as in 
Definition 

Proof. We proceed as in the previous section and show 
(a) The modified metric gg on Mq satisfies hi(gs) > k — e{S) where e{6) — ?> as (5 — > 



(b) By mollifying g^s) we construct a family of smooth metrics which approximate g in the C'^-sense 
and have bi-curvature at least n ~ e{S). 

As mentioned above, (a) holds iff 

nsias,as) +nsil3s, I3s) > K - eiS) (7.10) 

for all as, Ps satisfying lla^H^, \\l3s\\s — 1 and {as,l3s)s — (where {■,-)s — ^(gs))- In what follows we 
will call such 2-forms g^-orthonormal. Theorem 3.3 implies 

ns{as,as) +TZs{j35,l3s) 
= n{as,as) + n{l3s, jSg) - fl{A{as, as) + Ai^s, f3s)) + fs{B{as, as) + B(j3s, /Ss)) 
- 2f's{C{as,as) + Cil3s,l3s)) +2f^{C^{a5,as) + C^f3s,M) +^Cfs{i{as,as) +I{Ps,Ps)) 
+ {£{6){as,as)+£{5){Ps,Ps)) 

where £{5) is an operator whose eigenvalues tend to zero uniformly on Mo- Since gs — go uniformly on 
Mq, for small enough 5 any g^-orthonormal forms as and j3s are uniformly bounded with respect to go by 
some fixed constant. Thus, we can estimate the £{5) terms from below by —e{5). C is positive semidefinite 
and bounded near F, and does not exceed (5. Therefore, —2f'^{^C{as,as) + C{(is,(is)) > —£{S)- Finally, 
the terms are nonnegative and we arrive at 

TZsias, as) + TZsiPs^Ps) 
> n{as, as) + n{f3s, ps) - fs {A^^s, c^s) + A{/3s, M) + fs{B{as,as) + B{ps, M) (7.11) 
+ Cfs{i{as,as)+i{(3s,P5)) -s{S) 
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By applying the Gram-Schmidt process to as and l3s and putting 

as 

as u — ^ 

and 

~ Ps - {as,l3s)oas 



\\f3s - {as, f3s)aas\\a 
we obtain go-orthonormal 2- forms as, (3s satisfying 

lias - a^llo, 11^5 - ^s\\o < 



independent of the initial as, Ps- Since Js and all of the operators on the right hand side of (7.11) are 
uniformly bounded near T we may replace as, Ps by as, Ps and the inequality will still hold up to an 
-e{5): 

Tls{as,as) + Tls{(3s, Ps) 
> n{as, as) + n0s, Ps) - fs (Aas, as) + A0s, Ps)) + fs{B{as,as) + B{Ps, Ps)) 
+ 2Cfs{T{as,as)+±{Ps,Ps))-£{5) 

From construction dts and Ps are go-orthonormal on Mq and (^i-orthonormal on T (recall that go = 9i 
on r). By adopting the argument from Lemma 5.1 we arrive at 



TZs{as, as) + TZs{Ps,Ps) 
> K + 2fs + ^VlGi + CI) {as, as) + {-C^ + ^ V^^i + CI) [Ps, ~Ps)\ 

' s{S) 

Since —C^ + ^V^CJi + CI is positive semidefinite for large enough fixed C and uniformly bounded near 
r (cf. proof of Lemma 5.2), (a) follows. 

(b) Molhfying g(^s) ■ 

Let us fix a (5 > and define the mollified metric g^g-^ in the same way as in Section 6. Our goal is 
to show 

7e(.g(%)(a, a) + n{g'l,^){p, p) >k- e{6) (7.12) 

for all gl'^-j-orthonormal a, p. The computations in Section 6 were carried out for 2-forms with constant 
coefficients, which we no longer can assume for orthonormal 2-forms. 



Using (6.31 we obtain 



H{g\s)){a, a) + n{g^s)){P, P) > {n{g(s)))\a, a) + {n{g(s)))\P, P) ~ ~e{6, h){\\a\\l) + \\P\\l)) 
where e{5, /i) — > as /i — > for every fixed 5. Since a and P have unit length with respect to g^^-^ and 



9{S) ~^ 9{^)' ''^^ estimate the last term on the right hand side from below by — e((5) for small enough 
h. Thus, (7.12) follows if we show 

{n{g^s)))\a, a) + {n{g^s)))\P, P) > ^ - e{S) (7.13) 

for small enough h and all g^'^j-orthonormal a, p. 

Let us now fix a point x E M and some (7|'^^(a;)-orthonormal a, P E A'^{TxM). Recall that in Sec- 
tion 6 we mollified g(^s) and R{g(^s-)) only on a small neighborhood of F which was covered by finitely 
many coordinate charts Ui, . . . , Un- Off this neighborhood g coincides with g(^s) and we have 

(7^(g(^) ))'*(«, a) + {n{g(s))t{P, P) = n{g){a, a) + n{g){P, P) > k 
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by assumption. Thus w.l.o.g. we can assume that x ^ Us>Af ^s- ^'^^ such x we have 

{Tl{g(s)))\x){a, a) + {'R{g^s))f{x){P, /3) (7.14) 

N 

where the coefficients refer to the charts {U!,,(ps)- Next we extend a, f3 to J/^ in such a way that the 
extensions are g^^j-orthonormal: We define 2-forms as, Ps on C/^, s = 1, . . . , by putting al^{y) := al^ 
and Pl^iy) := /Jg-* (here we only have to consider the neighborhoods with x € Us)- Using the Gram- 
Schmidt process we obtain g|'^-|-orthonormal 2-forms 



and 

R - In R 1^ 



j3s- {as,l3s)gh as 

Ps = 



Ws~ {as,Ps)g^^as\\gH^^ 

(Note that these extentions might diff'er on Us \ {x}.) By the mean value theorem the right hand side of 
(7.14) equals to 

N 



Vsix) f p{z){R{9(s)))1,m{x - hz){al^{x - hz)af{x - hz) -f p]^ {x ~ hz)p'Jix - hz))dz 

N 

+ h^Vsix) p{z){R{g^s)))tjkiix-hz)D{ai^af+Pl^ff){e,^^Jzdz (7.15) 

where /12 — (1 " ^)x + thz for some t € [0, 1] . Now we apply the Gram-Schmidt process with respect to 



(7(5) to the 2-forms (is and (3s, and construct g^^j-orthonormal fisj/S^. The first sum in (7.15) is estimated 
from below by 

^ r _ - 

Yvsix) / p(z)(i?(g(5)))j,fe;(a: - hz){ai'{x ~ hz)af{x - hz) + {x - hz)pf{x - hz)) 
s=i •^l^l<i 

- e{5,h) (7.16) 
where 

e{S,h) < c{n)\\{R{g(^s)))tjki\\L'^{U'J\{9iS) - 9is))h\\c«(u^) 
for every fixed S. Moreover, in view of (a) the integrand in ( |7.16[ ) is bounded from below by k — e{S). 
Finally, the second integrand in ( |7.15[ ) is bounded by 

cin)\\iRig{S)))tjki\\L--{U'J\{9{S) - g(s))t]\\cHu^) 

and thus the second expression in ( |7.15[ ) tends to zero uniformly as ft- -t' 0. For small enough h (7.13) 
follows with e{d) = 2e{S) and we are done. □ 



7.4 Manifolds with isotropic curvature > k 

Given a smooth Riemannian manifold (M, 9) we consider the complexification of its tangent bundle 
C1S1B.TM and the complex-linear extensions of the inner product g and the Riemannian curvature tensor 
R. A complex isotropic two-plane is spanned by two vectors Z = X + iY and W = U + iV where 
X, Y,U,V e TM are orthonormal with respect to 9. The isotropic curvature of such a two-plane P is 
defined as 

K{P) = R{Z, W, Z, W) 

Using the Bianchi identity 

R{X, Y, U, V) + R{X, V, Y, U) + R{X, U, V,Y) = 
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one easily verifies 



K{P) ^ R{X, U, X, U) + R{X, V, X, V) + R{Y, U, Y, U) + R{Y, V, Y, V) - 2R{X, Y, U, V) 

Given an isotropic two-plane P spanned hy X -\-iY and U + iV one computes using the Bianchi identity 
once more 

K{P) =n{a,a) +n{l3,l3) (7.17) 

where a — X A U + V AY and f3 — X AV + Y AU. We say that a Riemannian manifold has isotropic 
curvature > k if K{P) > k holds for all isotropic two-planes of M. M has 1-isotropic (2-isotropic) 
curvature > k if ill x M {M x M^) has isotropic curvature > k. 



Theorem 7.4. Let {Mo,go), (Mi, 51), {M,g) and L = Lq + Li be as in Theorem Suppose that 
the isotropic (1-isotropic, 2-isotropic) curvatures of go and gi are at least k. Then the isotropic (1- 
isotropic, 2-isotropic) curvatures of g is at least k (in a similar sense as in Definition !-?■-?[ ) if L is 
positive semidefinite. 



Proof. In view of (7.17), the proof for the isotropic case is similar as in the previous section. For the 
1-isotropic case let us examine the manifold resulting from gluing Mi x M and M2 x E along their 
boundaries. The boundary of Mi, i = 1, 2 is given by x M. If : Fi F2 is some isometry of Fi, F2 
with respect to gi, 32, then 

: Fi X M F2 X M 

(x,s) {(t){x),s) 

is an isometry of Fi x M and F2 x M with respect to go © dr, gi © dr, where dr denotes the standard 
metric on M. One easily verifies that 

(Ml X M) (M2 X M) = (Ml U0 M2) X M 

and 

(g © dr)\MixR = g\Mi © dr 

The inward normal on F^ x M with respect to gi © dr is given by {N, 0) , where N is the inward 
normal on Fj with respect to g^. The second fundamental forms of F^ x M are Li © 0, and therefore their 
sum is positive semidefinite. We repeat the constructions from Section 2 and define the modified metric 
{go © dr)s = gs®dr on A/q x M. Though F x M fails to be compact, we may nevertheless proceed as in the 
isotropic case, since any operator T which occurs for Mi x M during the proof satisfies T(a:, s) = T{x, 0), 
and therefore is bounded near F x M due to the compactness of F. The desired smooth metric on M x M, 
which approximates g ® dr and has isotropic curvature > k — s{S) is then given by g(^s) © dr. The proof 
for the 2-isotropic case is similar. 

□ 

7.5 Manifolds with flag curvature > k 

The flag curvature of an orthonormal three-frame {ei, 62, 63} is deflned as 

flag(ei, 62, 63) = TZ{ei A 63, ei A 63) -I- Tl{e2 A 63, 62 A 63) 



Theorem 7.5. Let {Mo, go), (Mi,gi), {M,g) and L = Lo + Li be as in Theorem 1.2 Suppose that the 
flag curvatures of go and gi are at least k. Then the flag curvatures of g is at least k (in a similar sense 
as in Definition \l.l\ l if L is positive semidefinite. 

The proof is similar as in the bi-curvature case. 
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